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THE MATHEMATICAL ASSOCIATION. THE MATHEMATICAL ASSOCIATION. 

had considered the main reasons which ought to underlie the general scheme 
of culture and education, and they were asking for the changes on behalf of 
the great bulk of young men who went up to the University. The speaker 
concluded by asking all those who agreed with the proposals of the Syndicate 
to go to Cambridge and vote for them when the day for voting should have 
come. 

THE DEVELOPMENT OF GEOMETRICAL METHODS. 

XI. 

HERE, again, in this infinitesimal branch of Geometry we find 
the two tendencies which I pointed out in connection with the 
geometry of finite quantities. Some, among whom we must place 
J. Bertrand and 0. Bonnet, endeavour to construct an autonomous 
method directly based on the use of infinitely small quantities. 
Bertrand's great Traitg de Calcul differentiel contains several 
chapters on the theory of curves and surfaces which, in a measure, 
illustrate this conception. Others follow the usual analytical 
paths, and content themselves with clearly recognising and throw- 
ing into relief the elements which should figure in the foreground. 
This is what Lamd did when he introduced his theory of 
differential parameters. Beltrami followed this lead when he 
extended with great ingenuity the use of these differential in- 
variants to the case of two independent variables, i.e., to the study 
of surfaces. 

Just now there seems to be a return to the mixed method, 
the origin of which is to be found in the works of Ribaucour 
under the name of perimorphie. The rectangular axes of 
Analytical Geometry are retained, but they are moveable, and 
connected with the system under discussion in whatever appears 
to be the most convenient manner. In this way most of the 
objections that can be levelled at the method of co-ordinates 
disappear. Thus are united the advantages of what is sometimes 
called Intrinsic Geometry to those which result from the use of 
regular analysis. But, this analysis is by no means abandoned. 
The complicated calculations which it almost always involves in 
its application to the discussion of surfaces and of rectilinear co- 
ordinates disappear in most cases if we utilise the conceptions of 
the invariants and co-variants of the quadratic differential func- 
tions which we owe to the researches of Lipschitz and Christoffel, 
inspired by the work of Riemann in non-Euclidean Geometry. 

XII. 
The results of such investigations are almost apparent at once. 

The notion that Gauss already possessed of geodesic curvature, 
but which he had not published, was given by Bonnet and 
Liouville; the theory of surfaces of which the radii of curvature 
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are functions the one of the other, inaugurated in Germany by 
two propositions, which are worthy of a place in the pages of 
Gauss's memoir, has been enriched by Ribaucour, Halphen, 
Sophus Lie, and by others with many theories. Some relate to 
these surfaces regarded from the general point of view.' Others 
are applied to the particular cases in which the relation between 
the radii of curvature takes a peculiarly simple form-to minimal 
surfaces, for instance, and also to surfaces of constant positive or 
negative curvature. 

Minimal surfaces have been the object of investigations 
which form the most attractive chapter in infinitesimal geometry. 
The integration of their partial differential equations constitutes 
one of the finest discoveries of Monge; but, in consequence 
of the imperfect condition of the theory of imaginaries, the 
great geometer was unable to deduce from his formulae any 
method of the generation of these surfaces, nor even of any 
particular surface. I shall not here return to the detailed his- 
torical sketch which I have already given in my Lefons sur la 
Theorie des Sutrfaces; but it is convenient to recall Bonnet's 
fundamental investigations, which have given us, in particular, the 
idea of strfaces associated with a given surface; Weierstrass's 
formulae, which established the closest relationship between 
minimal surfaces and the functions of a complex variable; Lie's 
researches, in which he showed that Monge's own formula, may 
now serve as a foundation for a fruitful survey of minimal sur- 
faces. By seeking to determine the minimal surfaces of very 
small classes or degrees we are led to the conception of the 
double minimal surfaces which we obtain in the Analysis Sitzus. 

In this theory three problems of unequal importance have 
been considered. The first, relating to the determination of 
minimal surfaces inscribed in a given contour in a developable 
which is also given, has been solved by well-known formulae, 
which have led to a large number of theorems. For example, 
every line traced on such a surface is an axis of symmetry. 

The second problem, due to Sophus Lie, relates to the determi- 
nation of all the algebraical minimal surfaces inscribed in an 
algebraical developable, when the curve of contact is not 
given. It has also been completely solved. 

The third and most difficult is that which physicists solve by 
experiment, plunging a closed contour into a solution of 
glycerine. They have then to determine the minimal surface 
passing through a given contour. 

The solution of this problem is clearly beyond the resources 
of geometry. Thanks to the resources of the most advanced 
analysis it has been solved for particular contours in Riemann's 
celebrated Memoir, and in the profound researches which fol- 
lowed or accompanied it. As for the most general contour, its 
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THE DEVELOPMENT OF GEOMETRICAL METHODS. 159 

discussion has been brilliantly comlmenced, and will be continued 
by our successors. 

Next to minimal surfaces, surfaces of constant curvature were 
certain to attract the attention of geometers. An ingenious 
remark of Bonnet's connects both the surfaces, in which one 
or the other of the two curvatures, the mean or total curvature, 
is constant. Bour had asserted that the partial differential 
equation of surfaces of constant curvature could be completely 
integrated, but this does not appear to be the case. It even 
appears more than doubtful, if we refer to a discussion in 
which Sophus Lie tried in vain to apply a general method of 
integration of partial differential equations to the particular 
equation of surfaces of constant curvature. But, if it is impossible 
to determine in finite terms all these surfaces, at least some can 
be obtained characterised by special properties, such as that of 
having plane or spherical lines of curvature; and, by the use 
of a method which has succeeded in many other problems, 
it has been shown that from every surface of constant curva- 
ture can be derived an infinite number of other surfaces of the 
same nature, by clearly defined operations which only require 
the calculation of areas. 

The theory of the deformation of surfaces in Gauss's sense 
has also been enriched. To Minding and Bour we owe the 
detailed study of the special deformation of ruled surfaces 
which leaves the generators rectilinear. If we could not, as I 
have just said, determine surfaces applicable to the sphere, at 
any rate we have attacked with some success other surfaces of 
the second degree, and, in particular, the paraboloid of revolution. 
The systematic study of the deformation of general surfaces of the 
second degree is already commenced. It is among the researches 
which in the near future will give very important results. 

The theory of infinitely small deformation is now one of the 
most complete chapters in Geometry. It is the preliminary and 
slightly extended application of a general method which seems to 
have a great future before it. 

Given a system of differential equations, or of partial differen- 
tial equations suitable for the determination of a certain number 
of unknowns, it is convenient to associate with it a system of 
equations which I have called an auxiliary system, and which 
determines the systems of solutions infinitely near to any given 
system whatever of solutions. The auxiliary system being 
necessarily linear, its use in all researches throws valuable light 
on the properties of the system proposed, and on the possibility 
of obtaining its integration. 

The theory of lines of curvature and asymptotic lines has been 
notably extended. Not only have these two series of lines 
been determined for particular surfaces, such as Lamd's tetra- 
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hedral surfaces, but also by developing Moutard's results 
relative to a particular class of linear partial differential equa- 
tions of the second order, we have been able to generalise all 
that had been obtained for surfaces with plane or spherical lines 
of curvature, by completely determining all the classes of sur- 
faces for which the problem of spherical representation can be 
solved. In the same way, the correlative problem relating to 
asymptotic lines has been solved by recognising all the surfaces 
of which the infinitely small deformation can be determined in 
finite terms. Here there is a wide field of research in which 
exploration has hardly begun. 

The infinitesimal study of rectilinear congruences, already 
begun long since by Dupin, Bertrand, Hamilton, and Kummer 
has intervened in all these researches. Ribaucour, who took a 
preponderating share in these investigations, studied particular 
classes of rectilinear congruences, and, in particular, those which 
are called isotropic, which intervene in the happiest manner in 
the study of minimal surfaces. 

The triply orthogonal systems employed by Lame in Mathe- 
matical Physics have become the object of systematic research. 
Cayley was the first to form the partial differential equation of 
the third order on which the general solution of this problem 
had been made to depend. The system of confocal surfaces of 
the second degree has been generalised, and has given birth to 
the theory of general cyclides, in which we may employ the 
resources of Metrical Geometry, Projective Geometry, and of 
Infinitesimal Geometry. Many other orthogonal systems have 
also been discovered. Among them it is worth while to refer to 
the cyclical system of Ribaucour, in which one of the three 
families has circles as its orthogonal trajectories, and the 
more general systems for which these orthogonal trajectories 
are simply plane curves. The systematic use of imaginaries, 
which we must be extremely careful not to exclude from 
Geometry, has enabled us to connect all these determinations 
with the study of the finite deformation of a particular surface. 

Among the methods which have enabled us to establish all 
these results, we should note the systematic use of linear partial 
differential equations of the second order, and the systems 
formed of such equations. The most recent researches show that 
their use will revolutionise most of the theories. 

Infinitesimal Geometry was certain to affect the study of the 
two fundamental problems of the calculus of variations. 

The problem of the shortest path on a surface was treated in 
the masterly papers of Jacobi and Ossian Bonnet. The study of 
geodesic lines has been followed up, and we have learned how to 
determine them for new surfaces. The theory of aggregates has 
intervened and has enabled us to follow these lines in their 
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course on a given surface. The solution of a problem relating to 
the representation of two surfaces, one on the other, has greatly 
increased the interest of the discoveries of Jacobi and Liouville 
relative to a particular class of surfaces of which we can 
determine the geodesic lines. The results in this particular 
case led to the examination of a new question-the discovery 
of all the problems in the calculus of variations, the solution of 
which is given by curves satisfying a given differential equation. 

Finally, the methods of Jacobi have been extended to space of 
three dimensions, and have been applied to the solution of a 
question which presented the greatest difficulties-the study of 
the minimum properties of a minimal surface passing through a 
given contour. (To be continued.) 

MATHEMATICAL NOTE. 

164. [K. 21. 1.] The Constructions in lalsted's Rational Geometry. 
There are some very curious resemblances in the paper by F. S. Macaulay, 

in the October Gazette, to a book which appeared last summer, and these 
resemblances are scarcely lessened by the perpendiculars used, after the first 
problem, (1), identical with ? 164, being supposed drawn in the Gazette 
without, in the book with, use of parallels, especially as in the problems, e.g. 
(6), identical with ? 163, no mention of this is made. 

Not only the constructions, but more noteworthy still, the instruments 
are identical, for the Gazette uses the ruler and sect-carrier of the book, 
though not calling it by Halsted's name, since in fact Dr. Macaulay's article 
was in type for the July number of the Mathematical Gazette and was 
crowded out till October number, while the book reached the author at the 
earliest in late September. 

I have since ]earned that the fundamental construction, (1)-? 164, was 
given by R. F. Muirhead in a "Substitute for Euclid's Third Postulate" 
(Proc. Edinburgh Math. Soc. 1880). 

In (2) the Gazette solves by using an angle-bisector, a ruler and a sect- 
carrier, the problem : To draw a perpendicular to a given straight. This it 
then applies to (3), or by means of a set-square, an angle-bisector, a ruler and 
a sect-carrier it solves the problem: To draw a perpendicular to a given 
straight from a given point on it. 

Had the book so wished, it could have solved both problems together, not 
only without parallels, but without set-square and without sect-carrier, with 
only an acute-angle-bisector and a ruler. 

GAMBIER, OHIO, U.S.A. GEORGE BRUCE HALSTED. 

REVIEWS. 

The Dynamics of Particles and of Rigid, Elastic, and Fluid Bodies; 
being Lectures on Mathematical Physics. By ARTHUR GORDON 
WEBSTER, A.B., Ph.D. Professor of Physics, Director of the Physical 
Laboratory, Clark University, Worcester, Massachusetts. Teubner, 
1904. Pp. xi, 588. 

The aim of this book, as stated by the author, is to give in a com- 

pact form a treatment of so much of the Science of Dynamics as should 
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